Abstract. The purpose of this article is twofold. The first is to show the Second Main Theorem for degenerate holomorphic curves into P n (C) with hypersurface targets located in n-subgeneral position. The second is to show the Second Main Theorem with truncated counting functions for nondegenerate holomorphic curves into P n (C) with hypersurface targets in general position. Finally, by applying the above result, a unicity theorem for algebraically nondegenerate curves into P 2 (C) with hypersurface targets in general position is also given.
Introduction and main results
Let f : C → P n (C) be a holomorphic map. Letf = (f 0 , . . . , f n ) be a reduced representation of f , where f 0 , . . . , f n are entire functions on C and have no common zeros. The Nevanlinna-Cartan characteristic function T f (r) is defined by Recall that hypersurfaces D 1 , . . . , D q in P n (C)(q > n) are said to be in general position if ∩ n+1 k=1 Supp(D j k ) = ∅ for any distinct j 1 , . . . , j n+1 ∈ {1, . . . , q}. In [8] , Ru showed the Second Main Theorem (SMT, for short) for algebraically nondegenerate holomorphic curves into P n (C) and fixed hypersurface targets in general position in P n (C). As a corollary of this theorem, he proved the Shiffman conjecture for algebraically nondegenerate holomorphic curves into P n (C) and fixed hypersurfaces in general position in P n (C). Later, Dethloff and Tan [4] showed a SMT for algebraically nondegenerate meromorphic maps of C m into P n (C) and q slowly moving hypersurfaces targets in P n (C) (q ≥ n + 2) in (weakly) general position (cf. the detailed definitions in [4] ). The following question arose naturally at this moment: is there the SMT for degenerate holomorphic curves into P n (C) and hypersurface targets in P n (C), i.e., a theorem of Cartan-Nochka type? The first aim of this article is to show the SMT for degenerate holomorphic curves into P n (C) with hypersurface targets located in n-subgeneral position (cf. Definition 2.5). Namely, we show the following. THEOREM 1.1. (SMT for algebraically degenerate holomorphic curves) Let f : C → P n (C) be a holomorphic map whose image is contained in some k-dimensional subspace but not in any subvariety of dimension lower than k. Let {D j } q j =1 be hypersurfaces in P n (C) of degree d j , located in n-subgeneral position in that subspace. Then for every > 0,
As usual, by notation ' P ' we mean that the assertion P holds for all r ∈ [0, ∞) excluding a Borel subset E of the interval [0, ∞) with E dr < ∞.
We remark that in the above-mentioned original SMT of Ru [8] , there is no truncated counting function that can be used in the study of uniqueness problems. Later, An and Phuong [1] and Dethloff and Tan [4] gave truncated counting functions in this theorem. Namely, they showed the following.
Let f : C → P n (C) be an algebraically nondegenerate holomorphic map, and let {D j } q j =1 be fixed hypersurfaces in P n (C) of degree d j in general position. Let d be the least common multiple of the d j . Then, for every 0 < < 1,
where: Dethloff and Tan [4] ).
Here and in what follows [x] = min{n ∈ Z : n ≥ x} (the ceiling function) and N (α) (r, ν) is the counting function with the truncation level to α of divisor ν.
However, their truncation level is very big. The second aim of this article is to give a better truncation in their SMT. To state our second result, we need some notation. Let N be any positive integer.
Here is our result. THEOREM 1.2. Let f : C → P n (C) be an algebraically nondegenerate holomorphic curve, and let
where
In the above result, we have the following explicit estimate. 
In the last part of this article, by applying the SMT with explicit truncated counting functions for nondegenerate holomorphic curves into P 2 (C) and hypersurface targets located in general position, a unicity theorem for algebraically nondegenerate curves into P 2 (C) with hypersurface targets in general position is also given. 
Second Main Theorem for the degenerate case
First of all, we need the following general form of the SMT for holomorphic curves intersecting hyperplanes. They are stated and proved in [6] and [7] . 
where the maximum is taken over all subsets K of {1, . . . , q} such that the linear forms L j , j ∈ K, are linearly independent, and L j is the maximum of the absolute values of the coefficients in L j .
Recall the following lemma about Nochka weights; for details, see [10] . 
Proof. Let S be a variety defined by
. So, we may assume that dim S = 2. Denote byS the set of all smooth points in S. Let us consider an arbitrary smooth point x 0 ∈S. Without loss of generality, we may assume that there exist a neighborhood U of x 0 in S and a homeomorphism h :
By using Euler's formula and
Similarly, we also have
Therefore, there exists a constant C such thatQ 1 
Let T be the set of all injective maps α : {0, . . . , n} → {1, . . . , q}. For each α ∈ T , denote by A
Proof. By Lemma 2.4, M is a proper analytic set in P k (C). On the other hand,M = P k (C).
By Definition 2.5, we have the following.
Proof of Theorem 1.1. Without loss of generality, we may assume that f : Given z ∈ C, there exists a renumbering {i 1 , . . . , i q } of the indices {1, . . . , q} such that
SinceQ 1 , . . . ,Q q are in n-subgeneral position and by Hilbert's Nullstellensatz, for any integer
where b j l , 1 ≤ j ≤ n + 1, 0 ≤ l ≤ k, are the homogeneous forms with coefficients in C of degree m l − d. So
where c 1 is a positive constant and depends only on the coefficients of b j l , 1 ≤ i ≤ n + 1, 0 ≤ l ≤ k, thus depends only on the coefficients of Q i j , 1 ≤ j ≤ n + 1. Therefore, 
where c > 0 is constant, depending only on the coefficients ofQ i j , 1 ≤ j ≤ n + 1. Therefore,
where T is the set of all injective maps α : {0, . . . , k} → {1, . . . , q} such that
We now use Ru's argument (see the proof of Main Theorem in [9] ) to estimate
Define a map φ :
(C) and let Y = φ(P k (C)).
By the 'in n-subgeneral position' assumption, φ is a finite morphism on P k (C) and Y is a complex projective subvariety of P q−1 (C) . We also have that dim Y = n . 
Let f : C → P k (C) be the given holomorphic map and let
Then F is a holomorphic map. Furthermore, since f is algebraically nondegenerate, F is linearly nondegenerate.
For > 0 given in Theorem 1.1, we have the following estimate (see inequality (3.19) of [9] ):
where N := (2n − k + 1)(k + 1) andF is a reduced representation of F . Therefore, we get
Applying Theorem 2.1 with = 1 to a holomorphic map F and linear forms L 0 , . . . , L q m , we obtain that
Since
and by (10), after taking integration on both sides of (9) we get
where C is a constant, independent of r. Take r big enough so we can make C ≤ /3T f (r).
Hence, we have
The proof is complete. 2
Second Main Theorem with truncated counting functions for the nondegenerate case
In this section we recall Corvaja and Zannier's filtration as made more explicit in [3] . Details of proofs can be found in [3] , and also [2] . 
Throughout the rest of this paper, we shall use the lexicographic ordering on n-tuples (i 1 , . . . , i n ) ∈ N n of natural numbers. Namely, (j 1 , . . . , j n ) > (i 1 
Next, we recall some results about the quotients of consecutive spaces in the filtration.
LEMMA 3.2. (See [4, Proposition 3.3]) For any non-negative integer k, the dimension of the vector space
V k /(γ 1 , . . . , γ n ) ∩ V k is equal to the number of n-tuples (i 1 , . . . , i n ) ∈ N n such that i 1 + · · · + i n ≤ k and 0 ≤ i 1 , . . . , i n ≤ d − 1. In particular, for all k ≥ n(d − 1), we have dim V k (γ 1 , . . . , γ n ) ∩ V k = d n .
LEMMA 3.3. (See [2, Lemma 6]) There is an isomorphism
. 
Furthermore, we may choose a basis of W (i) /W (i )
from
. , x n with total degree N − dσ (i).
We now combine Lemma 3.2 and Lemma 3.3 to explicitly calculate the dimension of the quotient spaces, which we denote by (i) .
We have the following lemma. LEMMA 3.5. For any k 1 , . . . , k n ∈ N, we have
where x + = max{x, 0}.
Proof. For given k 1 , . . . , k n ∈ N, we have
Therefore,
This completes the proof. 2
Proof of Theorem 1.2. Given z ∈ C such that f (z) ∈ P n (C), there exists a renumbering {i 1 , . . . , i q } of the indices {1, . . . , q} such that
Since Q 1 , . . . , Q q are in general position and by Hilbert's Nullstellensatz, for any integer l, 0 ≤ l ≤ n, there is an integer m l ≥ d such that
where b j l , 1 ≤ j ≤ n + 1, 0 ≤ l ≤ n, are the homogeneous forms with coefficients in C of degree m l − d. So
where c 1 is a positive constant and depends only on the coefficients of b i l , 1 ≤ i ≤ n + 1, 0 ≤ l ≤ n, thus depends only on the coefficients of Q i , 1 ≤ i ≤ n + 1. Therefore,
By (12) and (13), we have
Hence, by the definition, we get
For n distinct polynomials r 1 , . . . , r n , we have constructed a filtration 
. . , L M are linearly independent, and we know, from the assumption of algebraic nondegeneracy of f , that F is linearly nondegenerate.
We now estimate ln 
where c 2 is positive constant depending only on ψ, not on f and z. Observe that there are precisely (i) such functions ψ in our basis. Hence,
where c 3 depends only on ψ, not on f and z. Here the summation is taken over the n-tuples
By Theorem 2.2, we obtain
where W is the Wronskian of F 1 , . . . , F M . We now estimate 
Let ψ be an element of a basis, constructed with respect to W (i) /W (i ) . So we may write
where h(ζ ) is a holomorphic function defined on U . Thus W vanishes at z at least
This, together with definitions of N f (r, Q j ), N W (r, 0), and D) ) is the counting function with the truncation level ν of the
Proof. The proof is by induction on n. For n = 1, this inequality is valid. Assume that the inequality holds for n − 1, i.e.
Then, since −nx ≤ −n 2 (n + 1)d 2 x 2 /2, we get
This completes the inductive proof. 
Moreover,
Therefore, by Lemma 3.6, we get
for N ≥ n(n + 1)d 2 /2 − n. 
(r) + T g (r)) + o(T f (r) + T g (r)).
This is a contradiction, since
The proof is completed. 2
